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1 Introduction and main results 

in 

p: 

t^! ■ Consider the following first order non-autonomous Hamiltonian systems 

o: 

z = JH z (t,z), (HS) 

where z : R R 2N , J = (® q )' H G C ^ R X R2N ' ^ and ^* H ( t} Z ^> denotes the 
gradient of H(t, z) with respect to z. As usual we say that a nonzero solution z(t) of (HS) 
is homoclinic (to 0) if z{t) — > as |t| — > oo. 

As a special case of dynamical systems, Hamiltonian systems are very important in 
the study of gas dynamics, fluid mechanics, relativistic mechanics and nuclear physics. 
While it is well known that homoclinic solutions play an important role in analyzing the 
chaos of Hamiltonian systems. If a system has the transversely intersected homoclinic 
solutions, then it must be chaotic. If it has the smoothly connected homoclinic solutions, 
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then it cannot stand the perturbation, its perturbed system probably produces chaotic 
phenomena. Therefore, it is of practical importance and mathematical significance to 
consider the existence of homoclinic solutions of Hamiltonian systems emanating from 0. 

In the last years, the existence and multiplicity of homoclinic orbits for the first order 
system (HS) were studied extensively by means of critical point theory, and many results 
were obtained under the assumption that H(t,z) depends periodically on t (see, e.g., 
[5l [TlHT3| fT7 t [20 |l27H30] ) . Without assumptions of periodicity the problem is quite different 
in nature and there is not much work done so far. To the best of our knowledge, the 
authors in [H] firstly obtained the existence of homoclinic orbits for a class of first order 
systems without any periodicity on the Hamiltonian function. After this, there were a 
few papers dealing with the the existence and multiplicity of homoclinic orbits for the 
first order system (HS) in this situation (see, e.g., p~5 | fT6 |. l2T] ) . 

In the present paper, with the Maslov index theory of homoclinic orbits introduced by 
Chen and Hu in [1QJ, we will study the existence and multiplicity of homoclinic orbits for 
(HS) without any periodicity on the Hamiltonian function. To the best of the author's 
knowledge, the Maslov index theory of homoclinic orbits is the first time to be used to 
study the existence of homoclinic solutions. We are mainly interested in the Hamiltonian 
functions of the form 

H{t,z) = -L(t)z ■ z + R{t,z), (1.1) 

where L is an 2N x 2N symmetric matrix valued function. We assume that 

(L\)L G C(R, M^ 2 ), and there are a, c> 0, to > and a constant matrix P, satisfying 

PL(t) - c\t\ a I 2N > 0, V|t| > t , 

where I 2 n is the identity map on M? N and for a 2N x 2N matrix M, we say M > if and 
only if 

inf ME ■ £ > 0. 

feR 2JV ,|e|=i 

In (Li), if P = (5* n)i then (L{) is similar to the condition (R ) in [15]. But the 
restrictions on R(t, z) will be different from [T5], and we will give some examples in Remark 
11.51 If P = ±/ 2 iv or P = ( lN + m ] in condition (Li), for examples, it's quite 



— In-tu, 

different from the existing results as authors known. In short, condition (Li) means that 
the eigenvalues of L(t) will tend to ±oo with the speed no less than \t\ a . But (Li) does 

not contain all of these cases. For examples, let N = 1 and Lit) = \t\ a ( COS ^f ^"^l, 

V sm 2t — cos 2t 



we have the eigenvalues of L(t) are ±|t| Q , but there is no constant matrix P satisfying 
PL(t) - c\t\ a I 2N > 0, V|t| > t - 

Denote by F the self-adjoint operator — jj- t + L{t) on L 2 = L 2 (R, R 2Ar ), with domain 
D(F) = H 1 ^,^) if L(t) is bounded and D(F) C H^R,^) if L(t) is unbounded. 
Let \F\ be the absolute value of F, and |F| X / 2 be the square root of \F\. D(F) is a Hilbert 
space equipped with the norm 

\\z\\ F = \\{I+\F\)z\\ L >, VzeD(F). (1.2) 

Let E = D(\F\ 1 / 2 ), and define on E the inner product and norm by 

(u,v) E = (\F\ 1 / 2 u,\F\^ 2 v) 2 + (u,v) 2 , 

II II I A 1 / 2 

\\u\\ E = [u,u)^ , 

where (•, -)l 2 denotes the usual inner product on L 2 (M,M 2iV ). Then E is a Hilbert space. 
It is easy to see that E is continuously embedded in if 1//2 (R, R 2Ar ), and we further have 
the following lemma. 

Lemma 1.1. Suppose that L satisfies {L\). Then E is compactly embedded in L P (R, M. 2N ) 
with the usual norm \\ ■ for any 1 < p G {jt^, oo). 

This lemma is similar to Lemma 2.1-2.3 in [T3], and we will prove it in Section 3. 
Define the quadratic form Q on E by 

Q(u,v)= ((-Ju,v) + (L(t)u,v))dt, \/u,v E E. (1.3) 
Jr 

It's easy to check that Q(u,v) is a bounded quadratic form on E and hence there exists 
a unique bounded self-adjoint operator F : E — )■ E such that 

(Fu,v)e = Q(u,v), V«,t) G E. (1.4) 

Besides, define a linear operator : L 2 — > E by 

(Ku,v) E = (u,v) L 2, Wu G L 2 ,v G £. (1.5) 

In view of Lemma 11.11 we know that F is a Fredholm operator and K is a compact 
operator. 

Denote by B the set of all uniformly bounded symmetric 2N x 2N matric functions. 
That is to say B G B if and only if B T (t) = B(t) for all t G R and B(t) is uniformly 
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bounded in t as the operator on M. . For any B G £>, it is easy to see B determines a 
bounded self-adjoint operator on L 2 , by z(t) i— >• B(t)z(t), for any 2 G L 2 , we still denote 
this operator by -B, then : E C L 2 — > E is a self-adjoint compact operator on and 
satisfies 

{KBu, v) E = (Bu, v) L 2, Vu,veE. (1.6) 

Before presenting the conditions on R(t,z), we need the concept of Maslov index for 
homoclinic orbits introduced by Chen and Hu in [TU] which is equivalent to the relative 
Morse index. We will give a brief introduction of it by Definition I2.1[ where for any 
B G £>, we denote the associated index pair by ((if(KB), vf(KB)). 

Now we can present the conditions on R(t, z) as follows. For notational simplicity, we 
set B Q (t) = V 2 i?(t, 0), and in what follows the letter c will be repeatedly used to denote 
various positive constants whose exact value is irrelevant. Besides, for two 2N x 2N 
symmetric matrices Mi and M2, Mi < M2 means that M2 — Mi is semi-positive definite. 

(i?i) R G C 2 (1R x ]R 2Ar ,lR), and there exists a constant c> such that 

\V 2 z R(t,z)\ < c, V(i,z)Glx R 2N . 

(Ro) V z R{t, 0) = and B G B. 

(Roo) There exists some Rq > and continuous symmetric matrix functions -81,-82 G B 
with /j,p(KBi) = [If(KB2) and vf{KB2) = such that 

Bi(t) < V 2 z R(t, z) < B 2 (t), Vt G R, |^| > Ro. 
Then we have our first result. 

Theorem 1.2. Assume (Li), (Ri), (Ro) and (Roo) hold. If 

Hf(KBi) £ [fi F (KB ), fi F (KB ) + vf(KB )}, 

then (HS) has at least one nontrivial homoclinic orbit. Moreover, if Vf(KB ) = and 
\Hf(KBi) — [if(KBo)\ > N, the problem possesses at least two nontrivial homoclinic 
orbits. 

Condition (.Roo) is a two side pinching condition near the infinity, we can relax (Roo) 
to condition (R^) as follows. 
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(.R^J There exists some _R > and a continuous symmetric matrix function B^ G B 
with vpi^KBoo) = such that 

±V 2 g R(t,z) > ±fioo(t), Vt G R, |z| > R . 
Then we have the following results. 

Theorem 1.3. Assume (L{), (R x ), (R ), (i?+)(or (R^)) and v F (KB ) = hold. If 
^(KBoo) > ^f{KBq) + 2 (or fipi^KBoo) < fip(KB ) — 2), then (HS) nas at least one 
nontrivial homoclinic orbit. 

Theorem 1.4. Suppose that (la), (-Ri), (-Ro), (-RJ,) (or (R^)) and vf(KB ) = are 
satisfied. If in addition, R is even in z and ^(KB^) > /i F (KB ) +2 (or ^(KB^) < 
fip(KB ) — 2), then (HS) has at least \^p(KB 00 ) — fi F (KB )\ — 1 pairs of nontrivial 
homoclinic orbits. 

Remark 1.5. Lemma [1.11 shows that <r(A), the spectrum of A, consists of eigenvalues 
numbered by (counted in their multiplicities): 

■ • • < A_ 2 < A_i < < Ai < A 2 < ■ • • 

with \±k — > ±oo as k — > oo. Let Bo(t) = Bq and B^t) = B^, with the constants Bo, -Boo 
satisfying Xi < B Q < A/+i, and Xi + i < B^ < Xi +i+ i for some I G Z and z > 1 (or % < — 1). 
Define 

R(t, z) = 5{\z\) l -B \z\ 2 + (1 - S^z^-B^zW 
where 5 is a smooth cutoff function satisfying S(\z\) — j ^' H < ^' By Proposition 12.61 



below, it is easy to verify R satisfies all the conditions in Theorem 11.21 Furthermore, let 
the constant B^ satisfying Xi + i < 5 ro < A; + j + i for some I G Z and i > 2 (or i < —2). 
Define 

R{t, z) = 6(\z\)^B \z\ 2 + (1 - 0-(M))^BooM 2 , 

Then R satisfies all the conditions in Theorem 11.31 and Theorem 11.41 However, it is easy 
to see that some conditions of the main results in [T4Tfl6| l2T] does not hold for these 
examples. 

Remark 1.6. Note that the assumption vfIKBoo) = in (-R^,) is not essential for our 
main results. For the case of (-R^,) with vf^KBoo) ^ 0, let B^ = B^ — eI 2 N with e > 



small enough, where I 2 n is the identity map on M. 2N , then n F (KBoo) = fi F (KBoo) and 
vp^KBco) = 0, and hence holds for B^. Therefore Theorems 11.31 and 11.41 still hold 

in this case. While for the case of with vf(KBoo) ^ 0, if we replace (j,f(KBoo) by 

HpiyKBoo) + vpiKBoz) in Theorems 11.31 and 11.41 then similar results hold. Indeed, let 
B^ = + with £ > small enough such that (j,f(KBoo) = ^f(KBoo) + vf(KBoo) 
and vf(KBoo) = 0, then this case is also reduced to the case of (W 7 ^) for B^ with 
vf(KBoo) = 0. 

2 Preliminaries 

In this section, we recall the definition of relative Morse index, saddle point reduction, 
and give the relationship between them. For this propose, the notion of spectral flow will 
be used. 

2.1 Relative Morse index 

Let % be a separable Hilbert space, for any self-adjoint operator A on H, there is a unique 
A-invariant orthogonal splitting 

n = n + (A)®n-{A)®n°{A), (2.1) 

where T-L°(A) is the null space of A, A is positive definite on H + (A) and negative definite 
on T-L^(A), and Pa denotes the orthogonal projection from T-L to H~(A). For any bounded 
self-adjoint Fredholm operator J 7 and a compact self-adjoint operator T on %, Pj — Pj-f 
is compact (see Lemma 2.7 of [31J), where Pjr : H — > / K~{T') and Pj-t '■ H — ► 'H _ (J r — 
T) are the respective projections. Then by Fredholm operator theory, PjA-^-rp^fs : 
y H~(J r — T) — > / K~{T') is a Fredholm operator. Here and in the sequel, we denote by 
ind(-) the Fredholm index of a Fredholm operator. 

Definition 2.1. For any bounded self-adjoint Fredholm operator T and a compact self- 
adjoint operator T on %, the relative Morse index pair (/^-(T), vjr(T)) is defined by 

MT) = ind(PH„- ( .7,_r)). (2.2) 

and 

v T {T) = dim'H ^ - T). (2.3) 
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2.2 Saddle point reduction 

In this subsection, we describe the saddle point reduction in [UEJEI]. R- eca U that % 
is a real Hilbert space, and A is a self-adjoint operator with domain D(A) C %. Let 
$ G C^T^R), with $'(0) = 0. Assume that 

(1) There exist real numbers a < (3 such that a,(3 &{A), and that cr(A) D [a, (3] 
consists of at most finitely many eigenvalues of finite multiplicities. 

(2) $' is Gateaux different iable in TL, which satisfies 

||a<p (m) — j || < — - — , Vu g n. 

Without loss of generality, we may assume a = —(3,(3 > 0. 

(3) $ G C 2 (V,R), V = D{\A\ 1 / 2 ), with the norm 

lkllv = (|||A| 1 / a * + e 2 ||^) 1 / 2 I 

where e > small and — e £ cr(A). 
Consider the solutions of the following equation 

Az = &(z), z G D(A). (2.4) 

Let 

j-P r+oo r—p 

P = / dE x , P+ = / dE x , P- = / dE x , 



J~P J p J-oo 

where {Ex} is the spectral resolution of A, and let 

H* = P*U, * = 0, ±. 
Decompose the space V as follows 

V = V @V-® V+, 

where K = l^l -1 / 2 ^, * = 0, ± and A e = A + el. 
For each u G "H, we have the decomposition 

u = m + + Uo + u_, 

where G * = 0, ±, let 2 = z + + z + z_, with 

Zit — \A F \ I u*. * = 0, i. 



Define a functional / on % as follows: 

f(u) = ^(\\u + \\ 2 + g+||n || 2 - Q-\\M 2 - IMI 2 ) - * e (z), 

where Q + = J °° dE x , Q_ = J^dEx, and $ e (z) = %\\z\\ H + $(z). 
The Euler equation of this functional is the system 

u± = ±\A\- 1 ' 2 P±& e (z), (2.5) 
Q±u = ±\A £ \- l / 2 Q ± P^' £ {z). (2.6) 

Thus z = z + + zq + Z- is a solution of (12. 4p if and only if u — u++Uo+U- is a critical point 
of /. The implicit function can be applied, yielding a solution z±(zq) for fixed z G Vo, 
such that z± G C 1 (Vo, V±). Since dimVo is finite, all topologies on Vo are equivalent, we 
choose || • ||ft as it norm. We have 

u±(z ) = \A*\ 1 fi i z ± {z )eC 1 (Mo,H), 

which solves the system (12.51) . 
Let 

a{z ) = f{u+{z ) + u-(z ) + u (z )), 
where u (z ) = |A e | 1//2 z and let z = x, we have 

a(x) = ~(A(z(x),z(x)))-${z(x)), 

where z(x) = £(x) + x, £(x) = z + (x) + G D(A). Then, we have the following 

theorem duo to Amann and Zehnder [I], Chang [S] and Long [21]. 

Theorem 2.2. Under the assumption (1), (2), (3), there is a one-one correspondence 

x z = z(x) = z+(x) + Z-(x) + x, 

between the critical points of the C 2 -function a G C 2 (Ho,M.) with the solutions of the 
operator equation 

Az = &(z), z G D(A). 
Moreover, the functional a satisfies 

a{x) = ^(A(z(x),z(x)))-$(z(x)), 

a!{x) = A(z(x)) - &(z(x)) =Ax- P &(z(x)), 
a"(x) = [A - ®'{z{x))]z'{x) = AP - P &'(z(x))z'(x). 
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Since "Ho is a finite dimensional space, for every critical point x of a in R , the Morse 
index and nullity are finite, we denote them by (m~ (x) , m®(x)) . 

Now, let the Hilbert space U be L 2 (R, R 2N ), and the operator A be F = -Jf t + L, 
$(V) = f^Rfcu). Then we have V — E. For R 6 C 2 (R x R 2JV ,R) and |V 2 i?| < 
C fl , V(t,z) G R x R 27V , let -a = p > 2(C R + 1) and p & a(F), we have A and $ 
satisfying the above conditions. Thus from Theorem 12.21 we can solve our problems on 
the finite dimensional space. Similar to Lemma 2.2 and Remark 2.3 in [23], we have the 
following estimates. 

Lemma 2.3. Assume that R 6 C 2 (R x R 2JV , R), |V 2 i?| < C R , W(t,z) e R x M 2N and 
V z R(t, 0) = ; then we have 

± 2Vjg(C fl + l) „ 

" u ( X )IU 2 < p _2C R -3e ^ L2 

Moreover, we have 
Proof. Note that 

^(x) = ±\A £ \- 1/2 P±& £ (z + + z~ + x). 

From V z R(t,0) = 0, |V 2 P| < C R , we have $'(0) = and ||$'(2)IU 2 < C R \\z\\ L 2. Since 
|||A e |~ 1/2 P±|| < we have 

H^fx)!!^ < 1 + +x) + +x)|| L 2 

V/3 - s 

< =\\ z + ^ + a; IU 2 



V/3 


— e 


c R 


+ e 


VP 


— e 


c R 


+ € 


VP 


— e 



Therefore, 



Next, since 



< ^= ( ™^ + + 11-11^ ) • (2.7) 



\u+{x)\\» + || U -(x)|| i2 < l^cl-3e llxh2 - 



(n ± )'(x) = il^r^Pi^^ + z- + x)((z + )'(x) + (z-)'(x) + I), 
where I is the identity map on R , we have 

|| («+)'(*) || i2 + \\{u-)'{x)\\v < l^2Cn-Se ^ X G H °- 
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Remark 2.4. For z(x), we also have that there is a constant C > dependent of Cr, 
but independent of 0, such that 

If .R satisfies the condition (Ri), then for any homoclinic orbit z of (HS), V^i2(-, 2) G <6, 
and hence we have the associated index pair (fi F (KB), v F (KB)). For notation simplicity, 
in what follows, we set 

H F (z)=n F (KVl{R{t,z))), 

and 

v F {z) = v F (KV 2 z (R(t, z))). 

Theorem 2.5. Let R G C 2 (R x R 2N ,R) satisfying \V 2 Z R\ < C R , V(t,z) G R x R 2N and 
V z R(t,0) = 0. For each critical point x of a in Ho, z(x) is a homoclinic orbit of (HS) 
and we have 

m-(x) = dim(£T(7£o)) + MKV 2 z R(t, z(x))) = dim(E-(H )) + Vp(z(x)), (2.8) 
m° a (x) = v F (KV 2 z R(t, z(x)) = v F (z(x)), (2.9) 

where dim(£ ,_ ('Ho)) is the dimension of the space f„ dE\(H ). 

This theorem shows the relations between the relative Morse index and the Morse 
index of the saddle point reduction, it will play an important role in the proof of our main 
results. The proof of this theorem will be postponed in the next subsection where the 
notion of spectral flow will be used. 

2.3 The relationship between np(T), spectral flow and the Morse 
index of saddle point reduction 

It is well known that the concept of spectral flow was first introduced by Atiyah, Patodi 
and Singer in [6], and then extensively studied in [7J[T8j[25j|26l[31]- Here, we give a brief 
introduction of the spectral flow as introduced in [10]. Let H be a separable Hilbert 
space as defined before, and {J-e\0 G [0, 1]} be a continuous path of self-adjoint Fredholm 
operators on the Hilbert space %. The spectral flow of Tq represents the net change in 
the number of negative eigenvalues of Tq as 9 runs from to 1, where the counting follows 
from the rule that each negative eigenvalue crossing to the positive axis contributes +1 
and each positive eigenvalues crossing to the negative axis contributes —1, and for each 
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crossing the multiplicity of eigenvalue is taken into account. In the calculation of spectral 
flow, a crossing operator introduced in [22] will be used. Take a C 1 path {Fg\9 G [0, 1]} 
and let Vg be the projection from % to 'H (J-'g). When eigenvalue crossing occurs at J-g, 
the operator 

Ve^TeVe : U\T e ) U\T 9 ) (2.10) 
69 

is called a crossing operator, denoted by CVfJ-g]. As mentioned in [22], an eigenvalue 
crossing at Tg is said to be regular if the null space of C r \Tg\ is trivial. In this case, we 
define 

sign C r \T 6 \ = dimH + (C r [Fe}) - dim?T (CV^]). (2.11) 

A crossing occurs at Tg is called simple crossing if dim V?{Tg) = 1. 

As indicated in [31], the spectral flow Sf(J-e) will remain the same after a small 
disturbance of Fg, that is, Sf(J-'g) = S f (Fg + eid) for e > and small enough, where id is 
the identity map on 7-L. Furthermore, we can choose suitable e such that all the eigenvalue 
crossings occurred in < 9 < 1 are regular [26]. Thus, without loss of generality, we 
may assume all the crossings are regular. Let T> be the set containing all the points in 
[0, 1] at which the crossing occurs. The set T> contains only finitely many points. The 
spectral flow of Tq is 

Sf(F e , < 9 < 1) = signCrlTe] - dim?r (C r [JF ]) + dim^ + (a [J r i]), (2.12) 

8ev* 

where T>* = T> D (0, 1). In what follows, the spectral flow of Tq will be simply denoted 
by Sf^g) when the starting and end points of the flow are clear from the contents. And 
Pjr g will be simply denoted by Pg. 

Proposition 2.6. (See FTP} Proposition 3].) Suppose that, for each 9 G [0, 1], Tg — Tq is 

a compact operator on H, then 

ind(P Q \ H - {Tl) ) = -SfiFo). 

Thus, from Definition 12.11 

^ (T) = -Sf(Fe, 0<9<1), 
where Tg = J r —9T, T is a compact operator. More over, if a{T) C [0, 00) and ^ ap(T), 
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from the definition of Spectral flow, we have 

Hn(T) = -Sf(F , 0<9<1) 

= E 

0e[o,i) 

= E dimH°(F-6T). (2.13) 

ee[o,i) 

The proof of Theorem 12.51 is the direct consequence of the above Proposition 12.61 and 
Theorem3.2 in [31], so we omit it here. 

Remark 2.7. The case of i?~ can 6e transformed into the case of i?+ . More concretely, 
the case follows from the i?+ case fry applying to the function R(t, z) = —R(—t, z). If 
z(t) is a homoclinic solution of Fz(t) = V z R(t, z(t)) , let z(t) = z(—t), it's easy to check 
that z(t) is a homoclinic solution of Fz(t) = V z R(t, z(t)) , and this is a one-one corre- 
spondence between the two systems. By the definition of spectral flow and its catenation 
property J32J/, we have fi^-B^-t)) - fjL F (-B (-t)) = fi F (B (t)) - /i^B^t)). Thus, 
we only consider the case of i?+ from now on. 

3 Proof of our main results 

Proof of Lemma 11.11 Recall the operator F = —<j4z + L(t), with domain D(F) = 
H 1 ^,^) if L(t) is bounded and D(F) C H^R™) if L(t) is unbounded. D(F) is 
a Hilbert space equipped with the norm = ||(/+ l-^!)- 2 ! |l 2 ) Vz £ D(F). Recall the 

Hilbert space E = D(\F\ l l 2 ), with the inner product and norm by 

{u,v) E = (\F\ 1 / 2 u,\F\ 1 / 2 v) 2 + (u,v) 2 , 

ii n i \V 2 
\\u\\ E = [u,u)^ , 

where {-,-)l 2 denotes the usual inner product on L 2 (R, IR 2Ar ). From (Li), there is a 
matrix L such that P(L(t) - L ) > for all tel. We have L(t) = F - F + L , with 
F = -Jf t + L and D(F ) = H 1 . Thus, for any z e E 

\(L(t)z,P T z) L2 \ < \(Fz,P T z) L2 \ + \(F z,P T z) L2 \ + \(L z,P T z) L2 \ 

<c\\z\\ 2 E . (3.1) 

Let K C E be a bounded set. We will show that K is precompact in LP for 1 < p e 
(2/ (1 + a), oo). We derive the proof into three steps. 
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Step 1. The case of p = 2. For R > 0, from (Li) and (13.1 j) we have 

/ \z\ 2 < c\R\ a ~ 2 [ (L(t)z,P T z) R 2N 

J\t\>R J\t\>R 

< c|ii:| a - 2 ||z|||. (3.2) 
For any e > 0, from (13.21) . we can choose Rq large enough, such that 

/ \z\ 2 <^-,Vz e K. (3.3) 

J\t\>R 4 

On the other hand, by the definition of || ■ \\e, we have 

\z\ 2 < \\z\\ E < C,Vz G K. (3.4) 

'\t\<R 

Thus, by the Sobolev compact embedding theorem there exist Zi,z 2 , ■ ■ • ,z m G K, such 
that for any z G K there is Zi satisfying 

e 2 

\\ Z ~ Z iW P LP{{~R ,R ),m 2N ) < y- ( 3 - 5 ) 

From (13 .3p and (I3.5p . we have \\z — Zi\\ L 2 < e, thus, K has a finite e— net in L 2 , so the 
embedding _E c - )• L 2 is compact. 

Step 2. The case of p > 2. Since is continuously embedded in H 1 / 2 , hence by the 
Sobolev embedding theorem, E is continuously embedded in L p , Wp > 2. For any p > 2, 
by the Holder inequality we have 

\z\ p < IMIls INI S-i) < ciklUHkllF 1 ' 

thus, the embedding E L p is compact, Vp > 2. 

S'tep 5. T7ie case o/ 1 < p G (2/(1 + a), 2). First, we have - p > 1, so we can choose a p 
satisfying a p G (0, a) and ^7- • p > 1. Denote by r = For i? > and z E E, denote 
by E R (z) = {t; \t\ > R and |t| r K*)| > 1} and E R (z) = {t; \t\ > R and \t\ r \z(t)\ < 1}. 
Then, from (13. ip . 

-rp 



\z\*= (\t\ r \z\n\ 



< I \z\ 2 \t\ ap 

<r^:\{L{t)z,P T z) L A 



1 P 



< TTTT INIi: (3-6) 
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and so 

/ \ z \ p — / \ z \ p + / \A P 

J\t\>R JE&z) JE\{z) 

< TT^r Nil + 7 TT^ T ,WzeE. (3.7) 

Let if C £ be a bounded set. For any e > 0, from (13.71) . choose Rq > large enough, 
such that 

/ |af < ^, e if. (3.8) 

On the other hand, by the Sobolev compact embedding theorem there are Zi, z 2 , ■ ■ ■ ,z m <G 
K, such that for any z G K, there exists Zi satisfying 

\\ Z ~ Z i\\LP((-R ,R () ),R 2N ) < ~2 fi'ty 

From (13. 8p and (13. 9p . we have 

\\z - Zi\\ LP < 6, 

that is to say K has a finite e— net in L p , and the embedding E <^-> L p is compact. The 
proof of the lemma is compact. □ 
Consider the homoclinic orbits of the linear Hamiltonian systems 

z(t) — >- o, |t| — >■ oo. y ■ ) 

where z(t) : R -> M 2iV , J = and £(t) is a continuous symmetric matrix 

function. Denote by S the set of homoclinic orbits of linear systems (13 . lOj) . then S is a 
linear subspace of L 2 (W, M 2N ) and we have the following lemma. 

Lemma 3.1. The dimension of the solution space S will be less than or equal to N. Thus 
for any homoclinic orbit z(t) of (HS), if R satisfies (R\), we have 

< v F {z) < N. 

Proof. As usual, we define the symplectic groups on M? N by 

Sp(2N) = {M e C(R 2N ), \M T JM = J}, 

where C(M. 2N ) is the set of all 2N x 2N real matrices, M T denotes the transpose of M. 
Let W(t) be the fundamental solution of (13.101) . then W(t) is a path in Sp(2N). Let z(t) 
be a nontrivial homoclinic orbits of (I3.10p . that is to say z(0) ^ and satisfies 

z(t) = W(t)z(0), 
lim W(t)z(0) = 0. 

t— >oo 
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Denote by So the subset of R 2N satisfying 

S = { z e R 2N \ lim W(t)z = 0}, 



t— >OD 



then we have dim S = dim(So). We claim that Jz £ S if z e S and z ^ 0. We prove 
it indirectly, assume z , Jz G S with z ^ 0, that is to say 

lim W{t)z = 0, 

t— >oo 

lim W{t) Jz = 0. 
Since W(t) is a path in Sp(2N), W T (t) JW(t) = J, Vt G R, thus 

0= lim(JJ¥(t);2o,^(t)J2o) K 2iv 

t— >oo 

= -lim(^ ,iy T (t)Jiy(t)J^)R 2 iv 

t— >oo 
= (ZO, Zo) R 2N, 

which contradicts Zq ^ 0. Since J is an isomorphism on M 2JV , we have dim S*o < N. And 
from the definition of vp(z) in the last part of subsection 12.21 we have complected the 
proof. □ 
Before the proof of Theorem 11.21 we need the following lemma. Since R satisfies 
condition (Ri), performing on (HS) the saddle point reduction. Choose a suitable number 
0, which is used in the projection for the saddle point reduction in section 2.2. Let 

P= / dE x , (3.11) 
J-p 

X = PL 2 (R,R 2N ). (3.12) 

By Theorem I2.2[ we have a functional a(x) with i6l, whose critical points give rise to 
solutions of (HS). 

Lemma 3.2. (1) a satisfies (PS) condition, 

(2) H q (X, a; R) = 5 q , r R, q = 0, 1, .... for -a E R large enough, where r = dim(E~(X)) + 
/i F (KB 1 ). 

Proof. Assume there is a sequence {x n } C X, satisfying a'(x n ) — > 0(n — >■ oo). That is 

\\Fz n -KV z R(t,z n )\\ E ^0, (3.13) 
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where z n = z(x n ) defined in section 2.1. Since X is a finite dimensional space, and from 
the definition of z n , it's enough to prove {z n } is bounded in E. For each e G (0, 1), define 
C n G B by 

It is easy to verify that {C n } satisfies 

B x {t) - e(B x (t) + c ■ /) < C n (t) < £ 2 (t) +e(c-I- B 2 {t)), Vt G R, 

where c is the constant in condition (Ri) and / is the identity map on M. 2N . Since B\ < 
11f{Bi) = iif(B 2 ) and vf{KB\) = vf(KB 2 ) = 0, we can choose e small enough, such 
that for each n G N + , satisfying hf(KC ti ) = hf(KBi) and vf(KC ti ) = 0. Thus F — KC n 
is reversible on E and there is a constant 5 > 0, such that 

IKF-fTCOzlU > Vz G £,nG N + . (3.15) 

On the other hand, for b G (0, 1), there is a constant c > depending on b, such that for 
each n G N + , 

|V ZJ R(M n (t)) -C n z n {t)\ < c\z n (t)\\Vt G E. (3.16) 
Choose 6 > in fl3TT6|) . that is 1 + b G (^, 2), we have 

||(Fz n - KW z R(t,z n )) — (F — KC n )z n f E = \\K(W z R(t, z n ) - C n z n )f E 

^ II V 2 i?(t, z n ) — C n z n \\ L 2 
< c [ ][VzR{t ^ n) ~ CnZn \ z n \ 1+b dt 

JM \ z n\ 

<c||^||^ b . (3.17) 

As we claimed in the part of introduction, in equations (I3.16P and (13.17P the letter c 
denotes different positive constants whose exact value is irrelevant. Thus, from (I3.13p . 
f)3.15p . (I3.17P and Lemma [l.lj, we have {z n } in bounded in E, and a satisfies the (PS) 
conditions. And by Lemma 5.1 in Chapter II of [8], we have 

H q (X t (a) a ;R) ^ 5 q>r R,q = 0,1, 

for —a G R large enough. □ 
From Theoren J2.5[ Lemma lBTTl and Lemma l3T2| Theoren il.21 is a direct consequence of 

Theorem 5.1 and Corollary 5.2 in chapter II of [8]. 

In order to proof Theorerr il.31 and Theoren il.4[ we need the following lemma which is 

similar to Lemma 3.4 in |22| and Lemma 3.3 in |23|. 
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Lemma 3.3. Assume {R\), (Ro) an d {R^o) hold, then there exists a sequence of functions 
Rk G C 2 (IR x IR 2Ar ,IR), fceN, satisfying the following properties: 

(1) There exists an increasing sequence of real numbers M k — > oo(k — > oo) such that 

R k (t,z) = R(t,z), Vt G R, \z\ < M k - (3.18) 

(2) For each fceN, there is a C > independent of k, such that 

\V 2 z R k (t, z)\ < C, Vt G R, -2 G M 2Ar , (3.19) 

V 2 i? fc (t, z) > i?oo, Vi G R, |*| > #0- (3.20) 

(3) For each k G N, there exists some > and a constant 7 with 7 /2V > B^, 
vf(K^I2n) = such that 

\V z R k (t, z) - 7 z| < C fc , V(t,z) G R x M 2JV , (3.21) 

where ^v is the identity map on R 27V . 

Proof. Define 77 : [0, 00) — > R by 

0, < s < 1, 



V(s)=< §(s-l) 3 -§( S -l) 4 , l<s<2 



128 



2 < s < 00. 



9(12+s 2 )> 

It's easy to see that r\ G C 2 ([0, 00), R). Choose a sequence {M k } of positive numbers such 
that R < Mi < M 2 < ... < M k <...-»■ 00 as fe -» 00. For each fceN, let r] fc (s) = ^(^-) 
and 

R k {t,z) = {l- Vk {\z\))R{t,z) + ^r ]k {\z\)\z\ 2 , keN. (3.22) 

As in [221123], we can check that R k satisfies fl3TT8]) -( l3~2T]) for each k G N. □ 
For each fc G N, we consider the following problem 

Fz = V z R k (t,z), (fTq s 
z(t)->0,zf(t)->0,t^oo 1 )k 

where R k is given in Lemma 13.31 Performing on (HS)k the saddle point reduction. We 
choose the number which is used in the projection for the saddle point reduction in 
section 2.2. First we choose 

> max{2(C + 1), 2(7 + 1)}, and (3 a(A ). 
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Let 

rP 

Pp = / dE x , (3.23) 
J-p 

X/s = PpL 2 (R,R 2N ). (3.24) 
Thus for each k and such a (3 fixed, by Theorem 12.21 we have a functional 

a k> p(x), x G Xp, 

whose critical points give rise to solutions of (HS)k- Similarly we have a functional 

a Jt p(x), x G Xp, 

whose critical points give rise to solutions of the following systems (HS) 7 



(HS), 



Fz = jz, 

z(t) -> 0,z'(t) ->■ 0,t ->■ oo. 
For notational simplicity, we denote a k , a 7 for and a 7j/ g. Define 

/oo 
R k (t,z). 
-oo 

For the functional a k , similar to Lemma [3.21 we have the following lemma. 
Lemma 3.4. 

(1) a k satisfies (PS) condition, the critical point set of a k is compact, 

(2) H q (Xp, (ajfe) ajfe ;R) = 5 q>rf! M.,q = 0,1,.... for —a k G R /ar#e enough, where rp = 
dim(E-(X /3 ))+/i F (K7/ 27V ). 

Proof. The proof is similar to Lemma 13.21 From Theorem 12.51 we have 

\\a' k (x) -a"(0)x\\ L 2 = \\P p K(V z § k {z k (x)) — 'yar) 

< \\P p {V z R k (z k {x)) - ^z k {x))\\ L 2 

< z R k {z k {x)) - jz k {x))\\ L 2. (3.25) 

Similar to (13.161) . we have for b G (0, 1), there is some c > 0, such that 

\V z R k (t,z k ) -7Z fc | < c\z k (t)\, Vi G R, 
Choose 6 G (fef , 1), similar to (I3.17p . we have 

||V,i2fc(*,z fc ) -7^11^2 < c||z fc ||£t. (3.26) 



<c(/«t 6 . (3.27) 



From Lemma fl . 1| Remark 12.41 and equation (133 

\\V z R k (t,z k ) -iz k \\ 2 L 2 < c\\z k \\)lr h 

\\A\v* 

From fl3~25|) and fl3~27j) .we have 

||a' fc (x)-<(0)x||i 2 <c(/3)||a;||it & . (3.28) 

Now, for each G N, we assume {x m } C satisfying ||fl4(a; m )|| — > 0. By uf{K^I 2 n) = 0, 
we have a!'(0) is invertible on Xp, since 6 < 1 the sequence {x m } must be bounded. Thus 
the (PS) condition for a k holds. From the same reason, we have the compactness of the 
critical point set of a k . And by Lemma 5.1 in Chapter II of [8], we have 

H q (X p , (a fc ) Qfc ; R) = S q>rp R, q = 0,l, 

for — a k G R large enough. □ 

Lemma 3.5. There exist c > 0, such that for any fcGN, and z G L 2 satisfies the systems 
(HS)k, if /af(z) < fip^KBoo) — 1, we have ||z||.l°° < c. 

Proof. We prove it indirectly. Assume there exist R k , z k , satisfies the conditions, and 
IkfclU 00 — > oo, that is \\z\\ F — > oo. Since \V z R k (t, z)\ < c\z\, Wt G R, z G R 2iV , we have 



z k\\p — c \\ z k\\L 2 - Denote y k = p^p , then we have y k — > y in L 2 for some y G L 2 with 
\u\\l 2 > 0, and 



Then for any r > 0, there exist C r > 0, satisfying 

W)|<CM)U^n (3.29) 
where I r = [— r, r}. Since ||?/||l 2 > 0, there is a r > 0, such that 

\\y\\LZ(-r,r) > T^IMU 2 > 0, Vr > r . 

Then from the similar argument in [23], there is a subsequence we may assume {y k } 
converges in uniform norm to y, and y(t) 7^ 0, Vt G I r . Therefor |2fc(t)| — > 00 uniformly on 
I r , and there is K{r) depending on r, such that |-2fc(t)| > Rq, for any t G I r and k > K{r). 
Performing the saddle point reduction on the following systems 

Fz BqqZ, (v\q\ 
z(t) -^0,z'(t) ->0,t^oo. { )qo 
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For (3 large enough, we have the functional (denote by fl m for simplicity) and the 
function z(x), since vp^KB^) = 0, we have the following decomposition 

where a'4(0) is positive definite on and negative definite on X7 . From Remark T2~4"| 
and vf^KBoo) = 0, there exists a > 0, such that for /3 large enough 

((F - ^(t))^)^ < -a\\x\\ 2 L2 , Vx G X". (3.30) 

From the uniform boundary of V 2 R k {t, z) and Remark 12.41 we can choose /3 large enough, 
such that 

\\(V 2 z R k {t, z k )z'^(x k )x,x\\ L 2 < ^||x|| L 2, Vx G L 2 , (3.31) 

where x k = Ppz k , z k (x k ) = z k (t) defined in Theoren i2.21 Choose e > small enough and 
£ < such that hf^KBoq) = fip^K^Boo — e ■ Id)). Since X^ is finite dimensional space, 
choose r large enough, such that 

((y 2 z R k (t, z k ) - B^x, a;) £ 2 (/ c) > -e(x,x) L 2, Vx G X^ , (3.32) 

where J^r = K \ J r , and from the definition of R k , 

V 2 z R k (t, z k (t)) > B^t), tel r ,k> K(r), (3.33) 

that is 

({V 2 z R k {t,z k ) -Bjx.xjufj,) > 0, Vx G X~,£; > X(r). (3.34) 
From (13321 and ([331, 

{V 2 z R k (t, z k )x, x) L 2 > ((BooX, x) L 2 - e(x, x) L 2, (3.35) 

for k large enough. Thus we have 

(al(x k )x,x) L 2 = ((F - V 2 z R k (t, z k ))x,x) L 2 - (V 2 z (R k (t, z k ))(z k + + z' k ~)x,x) L 2 

< ((F-B^x)^ + ^\\x\\ 2 L2 + e\\x\\ 2 L2 

< ~\\x\\h- (3-36) 

That is m~ k (x) > m^^O), from Theorerr i2.5[ m~ (x k ) = dim(£ ,_ ('Ho)) + ^F(z x (x k )), 
tti~ (0) = dim^E^iTio)) + ^f^KBoo), thus Hf(z x ) > hf(KBoo), which contradicts the 
assumption. □ 
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Proof of Theorem \1.3l As claimed in Remark \2.7\ we can only consider the case of 
(i?^). Note that z = is a critical point of a&, the morse index of for a& is rn~ k (0) = 
dim(E~(7i )) + fip(KB ), since 7 • / 2 at > B^, we have 

/i F (K 7 ■ I 2N ) > MKB^) > MKB ). (3.37) 

From proposition (2) in LemmaEH use the (w~ (0))*' 1 and {m~ k (0) + l) th Morse inequali- 
ties, 0^ has a nontrivial critical point x k with it morse index m~ k (x^) < m~ k (0) + 1, that is 
^F^Zk) < fip(KB ) + 1 < fip^KBoc) — 1, then from Lemmg [3"3| we have {z k } is bounded 
in L°°. Thus z k is a nontrivial solution of (HS) for k large enough. □ 

The proof of Theorem 11.41 is similar to the proof of Theorem 11.31 Instead of Morse 
theory we make use of minimax arguments for multiplicity of critical points. 

Let X be a Hilbert space and assume <fi G C 2 (X, R) is an even functional, satisfying 
the (PS) condition and 0(0) = 0. Denote S c = {u G X\ \\u\\ = c}. 

Lemma 3.6. See HQ Corollary 10.19].) Assume Y and Z are subspaces of X satisfying 
dimY = j > k = codimZ. If there exist R> r > and a > such that 

inf <p(S r nZ)>a, sup <p(S R n Y) < 0, 

then cf) has j — k pairs of nontrivial critical points {±21, ±X2, ±Xj-k}, so that fi(xi) < 
k + i, for i = 1, 2, ...j — k. 

First, we consider the case of (-R+), since R is even, we have R k is also even, and 
satisfies Lemma I3T31 Let Y = X7, and Z the positive space of a' fc '(0) in Xp, and we have 
dim Y = E~(Xp) + npiKB^), codimZ = E~(Xp) + fi F (KB ), dimF >codimZ. So a k 
has I := fiplKBoz) — hf(KBq) pairs of nontrivial critical points 

{±Xi, ±x 2 , ±Xi}, 

and / — 1 pairs of them satisfy 

mr(xi) <fx F (KB )+i< ^(KB^), i = 1, 2, 1. (3.38) 

Then we can complete the proof. In order to prove the case of (R^), we need the following 
lemma. 

Lemma 3.7. (See JBl Corollary II 4-1]-) Assume Y and Z are subspaces of X satisfying 
dimY = j > k = codimZ. If there exist r > 0, and a > such that 

inf (f>(Z) > —00, sup <p(S r fl Y) < —a, 



21 



then (ft has j — k pairs of nontrivial critical points ±Wi, ±w 2 , • • • , ±Uj-k so that /i(ui) + 
u{ui) > k + i — 1 for i — 1, 2, • • • ,j — k. 

The proof is similar to the case of (-R+ ), we omit it here. 
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